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TECHNICAL MEMORANDUM X-53867 

PROBABILITY DISTRIBUTIONS FOR THUNDERSTORM ACTIVITY 

AT CAPE KENNEDY, FLORIDA 

Lee W. F a l l s ,  W i l l i a m  0. Wi l l i fo rd  and Michael C. Ca r t e r  

SUMMARY 

Several  s t a t i s t i c a l  d i s t r i b u t i o n  func t ions  are inves t iga t ed  as pro- 
s p e c t i v e  models t o  r ep resen t  t he  v a r i a t i o n  of thunderstorm a c t i v i t y  a t  
C a p e  Kennedy, F lor ida .  S t a t i s t i c a l  methods a r e  presented using t h e  
l a t e s t  and most comprehensive thunderstorm d a t a  a v a i l a b l e .  The conclu- 
s i o n  is  reached t h a t  t h e  nega t ive  binomial d i s t r i b u t i o n  and a modifica- 
t i o n  of t he  nega t ive  binomial d i s t r i b u t i o n  a r e  adequate s ta t i s t ica l  
models t o  r ep resen t  "thunderstorm events" and "thunderstorm h i t s  , ' I  

r e spec t ive ly ,  a t  Cape Kennedy, F lor ida .  

I. INTRODUCTION 

S t a t i s t i c a l  methods of a n a l y s i s  may be divided i n t o  two genera l  
ca t egor i e s ,  d e s c r i p t i v e  and a n a l y t i c a l ,  both of which depend on t h e  
bas i c  l a w s  of p r o b a b i l i t y .  Descriptive methods reduce l a r g e  amounts of 
d a t a  t o  a few meaningful " s t a t i s t i c s "  such as means and s tandard  devia- 
t ions .  A t h e o r e t i c a l  s ta t i s t ica l  model ( d i s t r i b u t i o n  func t ion )  is 
assumed f o r  t h e  observa t ions ,  and a n a l y t i c a l  methods a r e  used t o  de t e r -  
mine how we l l  t h e  e m p i r i c a l  d a t a  f i t  t h i s  model. 

The purpose of t h i s  paper is t o  determine underlying,  o r  bas i c ,  
t h e o r e t i c a l  d i s t r i b u t i o n s  f o r  making p r o b a b i l i t y  in ferences  i n  regard 
t o  two types of thunderstorm a c t i v i t y  a t  Cape Kennedy, Florida. .  A 
thunderstorm event  w i l l  r e la te  t o  a thunderstorm a t  Cape  Kennedy and 
immediate surroundings.  A thunderstorm h i t ,  denoted by THY r e l a t e s  t o  
a thunderstorm passing over a po in t ,  e.g., a launch s i t e .  

Thunderstorms are of primary concern i n  t h e  design of launch 
v e h i c l e s ,  i n  t he  planning of space missions,  and i n  launch opera t ions  
a t  Cape Kennedy because of h igh  winds, l i g h t n i n g  hazard,  and extreme 
turbulence a s soc ia t ed  w i t h  t h i s  atmospheric phenomenon. The combina- 
t i ons  of environmental condi t ions  , inc luding  uns t ab le  a i r  wi th  a 
r e l a t i v e l y  h igh  moisture  con ten t ,  and some type of l i f t i n g  a c t i o n  pres-  
e n t  during t h e  summer. months make F lo r ida  one of t h e  major thunderstorm 
genes is  a r e a s  over t h e  e n t i r e  ea r th .  Two d i s t r i b u t i o n s  a re  presented. 



The f i r s t  is t h e  nega t ive  binomial d i s t r i b u t i o n  t o  r ep resen t  t he  varia- 
t i o n  i n  t h e  number of thunderstorm events per  day a t  Cape Kennedy and 
t h e  second is  a modified nega t ive  binomial d i s t r i b u t i o n  t o  r ep resen t  
t h e  v a r i a t i o n  i n  t h e  number of thunderstorms per  day which pass  over a 
given po in t ,  f o r  example, a launch s i t e ,  a t  Cape Kennedy. 

The au tho r s  wish t o  acknowledge M r .  0. E. Smith, Chief,  T e r r e s t r i a l  
Envir o amen t Branch , Ae r os pa c e Environment D iv is i o n  , A e r  o -As t rod  ynamic s 
Laboratory,  Marshal l  Space  F l i g h t  Center ,  Alabama f o r  h i s  c o n t r i b u t i o n  of 
t h e  double summation technique f o r  computhg cond i t iona l  p r o b a b i l i t i e s  , 
and f o r  proposing t h e  method used by Singh [1,2] f o r  t he  mod i f i ca t ion  of 
t h e  nega t ive  binomial d i s t r i b u t i o n  t o  develop t h e  “thunderstorm hit’!  model ~ 

11. STATISTICAL MODELS 

I n  practical  s ta t is t ics ,  a d i s c r e t e  p r o b a b i l i t y  l a w  is requi red  t o  
d e s c r i b e  events which seem t o  occur a t  random; f o r  example, t he  arrivals 
of customers a t  a s e r v i c e  po in t  o r  the  number of acc iden t s  and break- 
downs i n  a f a c t o r y ,  It is common p r a c t i c e  t o  assume t h a t  t h e  f requencies  
of such events f i t  a Poisson d i s t r i b u t i o n .  However, t h e  Poisson s e r i e s  
r equ i r e s  t h e  assumption t h a t  the  p r o b a b i l i t y  of t h e  event  remains con- 
s t a n t .  For t h e  Poisson d i s t r i b u t i o n  t h e  va r i ance  of t h e  d i s t r i b u t i o n  
equals i t s  mean. I n  r e a l i t y ,  i t  i s  r a r e l y  t r u e  t h a t  t h e  p r o b a b i l i t y  of 
t h e  event  remains cons tan t .  Any v a r i a t i o n  i n  t h e  p r o b a b i l i t y  of t he  
event ,  i n  p a r t i c u l a r ,  t he  tendency f o r  one event  t o  inc rease  t h e  probabi l -  
i t y  of another ,  w i l l  i nc rease  t h e  var iance  of t h e  d i s t r i b u t i o n  i n  rela- 
t i o n  t o  t h e  mean -- which means a nega t ive  binomial d i s t r i b u t i o n  w i l l  
b e t t e r  d e s c r i b e  the  d a t a .  A r e p o r t  by t h e  weather observer  of a thunder- 
storm i s  proof t h a t  t h e  atmosphere is i n  a s t a t e  of i n s t a b i l i t y  and con- 
d i t i o n s  a r e  p re sen t  f o r  t h e  formation of f u r t h e r  thunderstorm c e l l s ;  
i . e . ,  t h e  p r o b a b i l i t y  of t h e  event  is increas ing .  

L e t  us cons ider  t h e  f i r s t  a p p l i c a t i o n  of t h e  nega t ive  binomial 
p r o b a b i l i t y  d i s t r i b u t i o n  by Y u l e  f 3 ] .  We w i l l  make an  analogy between 
t h i s  a p p l i c a t i o n  and t h e  d i s t r i b u t i o n  of thunderstorms a t  Cape Kennedy. 
Suppose we have a populat ion of people subjec ted  t o  r ecu r r ing  exposures 
t o  a d i s e a s e  and t h a t  during a n  exposure each member of t he  populat ion 
has an  equal  p r o b a b i l i t y  p of c o n t r a c t i n g  the  d i sease .  A f t e r  x exposures,  
t h e  proport ions who have con t r ac t ed  the  d i s e a s e  0, 1, 2 ,  ..., times w i l l  
be  g iven  by 

x-1 x(x - 1) p 2 q X - 2 ,  ... 
qX, XPq Y 21 
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where q = 1 - p. The t e r m s  given by (1) are terms of t h e  binomial series 
(q + P ) ~ .  I f  k unfavorable  exposures t o  t h e  d i s e a s e  are f a t a l  t o  t he  
ind iv idua l ,  t h e  propor t ion  su rv iv ing  a f t e r  x exposures w i l l  be  given by 
the  f i r s t  k t e r m s  of t h e  binomial (q + P ) ~ .  
t he  x t h  exposure w i l l  be  those  who cont rac ted  t h e  d i s e a s e  (k - 1) t i m e s  
i n  t h e  f i r s t  (x - 1) exposures and who c o n t r a c t  i t  aga in  dur ing  t h e  x t h  
exposure; i .e.,  i t  w i l l  be 

The propor t ion  dying during 

and s i n c e  dea ths  do no t  begin u n t i l  t h e  k t h  exposure, t h e  propor t ion  of 
dea ths  a t  the  k t h ,  (k + 1 ) t h  ... exposure w i l l  be  

which are success ive  terms i n  t h e  expansion of pk(1 - q)-k,  a binomial 
w i t h  a nega t ive  index. Thus, t h e  propor t ions  of t h e  o r i g i n a l  popula- 
t i o n  dying dur ing  success ive  exposures are g iven  by success ive  terms of 
t h e  nega t ive  binomial d i s t r i b u t i o n  wi th  t h e  f i r s t  dea ths  occurr ing a t  
t h e  k t h  exposure. 

Now, the  p r o b a b i l i t y  of exac t ly  x events (dens i ty  func t ion)  is  
given by 

Suppose i n  Yule 's  [3 ]  classic example we l e t  t h e  people exposed t o  
t h e  d i s e a s e  be analogous t o  t h e  days i n  some month, say,  June,  being 
exposed t o  t h e  synop t i c  cond i t ion  f avorab le  f o r  t h e  formation of thunder- 
storms a t  Cape Kennedy. Now, t h e  number of dea ths  t h a t  r e s u l t  from 
exposure t o  t h e  disease w i l l  be  analogous t o  t h e  number of thunderstorms 
t h a t  a c t u a l l y  develop i n  June. Now, we have a l l  t h e  days i n  June sub- 
j ec t ed  t o  r e c u r r e n t  exposures of synopt ic  cond i t ions  f avorab le  f o r  t h e  
formation of thunderstorms. We must assume t h a t  each day i n  June t h a t  
i s  exposed t o  t h e  f avorab le  synop t i c  condi t ions  has an  equal p r o b a b i l i t y  
p of having a thunderstorm develop. This is  a reasonable  assumption. 
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Continuing our analogy, t h e  propor t ion  of thunderstorms t h a t  develop a t  
t h e  k th ,  (k + 1 ) t h  
i n  t h e  expansion of p (1 - q)'k, a nega t ive  binomial whose d e n s i t y  func- 
t i o n  is g iven  by ( 4 ) .  Simi lar  a p p l i c a t i o n s  of t he  nega t ive  binomial 
d i s t r i b u t i o n  have been performed by Thom [4,5]. Thom cons iders  t h e  
Polya d i s t r i b u t i o n  (which is a p a r t i c u l a r  ca se  of t h e  nega t ive  binomial)  
i n  regard t o  h a i l  frequency s e r i e s .  

exposure w i l l  be  g iven  by (3) ,  success ive  terms 'k 

Thunderstorms over a p o i n t  (TH' S) r e q u i r e  a d d i t i o n a l  assumptions. 
Only one TH is p o s s i b l e  a t  a given time and a s p e c i f i e d  time i n t e r v a l  
must e l apse  be fo re  new a c t i v i t y  c o n s t i t u t e s  a new TH as opposed t o  a 
con t inua t ion  of t he  previous TH. To incorpora te  t h e s e  requirements i n t o  
t h e  model t he  nega t ive  binomial d i s t r i b u t i o n  w a s  modified.  The assump- 
t i o n s  and modi f ica t ion  a r e  presented below. 

Ass ump t ions 

1. A p r o b a b i l i t y  of a(l - a) is assigned t o  t h e  p o s s i b i l i t y  of a 
TH occurrence (nonoccurrence) on any given day. 

2. 
a # 0 )  = p. 

PR (TH occurs  i n  a u n i t  of t i m e  1 a TH n o t  i n  progress ,  

3 .  T i s  t h e  number of u n i t s  of  time i n  t h e  s p e c i f i e d  t i m e  per iod.  
The p o s i t i v e  i n t e g e r  h is def ined by t h e  s ta tement  

Pr  (TH occurs i n  a u n i t  of time I a TH i n  the  preceding 
h - 1 u n i t s  of t i m e )  = 0. 

Then t h e  maximum number of occurrences i n  T u n i t s  of t i m e  is n 6 [T/h] + 1, 
where [T/h] s t ands  f o r  t he  g r e a t e s t  i n t e g e r  no t  exceeding T/h. 

Under t h e  above assumptions and i f  x i s  a random v a r i a b l e  denot ing 
t h e  number of TH's p e r  time per iod T, w e  have t h e  fol lowing model: 

Pr (x  = 0) (q = 1 - P I  T 
(1 - a) + W  

[ i T-ih f - ihi+ i - l) 
Pr(x = i) = a p q 

Pr(x = n) = 1 - Pr (x  < n). 

4 



Simi lar  modi f ica t ions  have previous ly  been made on the  binomial and 
Poisson models by Singh [1,2] and Neyman [ 6 ] .  The p a r a l l e l  i n  reason- 
ing  is b e s t  demonstrated by comparing our assumptions-ith those  of 
Singh [2]  i n  h i s  Poisson b i r t h  model. Singh assumes cohab i t a t ions  are  
Poisson d i s t r i b u t e d  and proceeds t o  show t h a t  r e s u l t i n g  conceptions a r e  
modified-Poisson where t h e  va lue  of h w a s  10 months. Both models have an  
underlying pa ren t  d i s t r i b u t i o n  and r e q u i r e  s p e c i a l  and i d e n t i c a l  modif ica- 
t i o n s  t o  r e a l i z e  a s p e c i f i c  outcome r e s u l t i n g  from the  a c t i v i t y  of t h e  
bas i c  populat ion.  

111. ESTIMATION 

Numerous es t imators  f o r  t h e  parameters of t h e  nega t ive  binomial 
d i s t r i b u t i o n  have been proposed. We have chosen t o  use t h e  f i r s t  two- 
moment method proposed by Cohen [7 ] .  The nega t ive  binomial d e n s i t y  
func t ion  g iven  by ( 4 )  may be w r i t t e n  i n  terms of t h e  gamma func t ion  as 

- pkqx, i 2 0, k > 0, 0 5 p S 1. Pr (x  = i) - XI r (k) 

The d i s t r i b u t i o n  func t ion  is given by 

n 

x=o 

which g ives  t h e  p r o b a b i l i t y  of ob ta in ing  a va lue  of x less than o r  equal 
t o  some p a r t i c u l a r  va lue  of x, s a y  xo. 

Now, a f t e r  some a l g e b r a i c  manipulat ion of Cohen's e s t ima to r s ,  w e  
have f o r  t h e  moment es t imators  of t h e  parameters k and p 

k* i-i2 p L - ,  k 
Y 

s2 - ;; k + z  

where 2 is the  sample mean and s2  i s  t h e  sample var iance.  

The mean M of t h e  nega t ive  binomial d i s t r i b u t i o n  is given by 

- 3  
P Y  

M -  
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and Che va r i ance  V i s  

V -  -kq  
P2 

The e f f i c i e n c y  of es t imat ing  p and k by t h e  method of moments is 
der ived by F i she r  [8]. I n  terms of the  parameters used here ,  t h e  
r e c i p r o c a l  of t he  e f f i c i e n c y  is g iven  by 

- = 1 + 2 [iq 1 2 . 3  1 
E 

+ - q 2  (k + 2) 4 (k + 2 ) ( k  + 3)  

1 1 203.4 + - 43 5 (k + 2 ) ( k  + 3 ) ( k  + 4 )  -I- * * .  

The modified nega t ive  binomial d i s t r i b u t i o n  involves  two unknown 
parameters a and p (or q ) .  A s t a t i s t i c  i s  c a l l e d  a minimum Chi-square 
(MCS) e s t ima to r  of a i f  i t  is obtained by minimizing, w i th  r e s p e c t  t o  
a, t he  express ion 

See Neyman [9] ,  Kendall and S t u a r t  [ l O , V o l .  11, pp. 91-93] and Singh [l] 
f o r  a f u l l e r  explana t ion  of BAN ( b e s t  a sympto t i ca l ly  normal) es t imators .  
Neyman [9]  has shown t h a t  t h e  class of MCS es t imators  are  a l s o  BAN e s t i -  
mators.  These es t imators  a r e  c o n s i s t e n t ,  a sympto t i ca l ly  normal, and 
asymptot ica l ly  e f f i c i e n t .  
1, ..., n)  TH's p e r  day, and s a t i s f y i n g  t h e  r e g u l a r i t y  condi t ions  i n  
Neyman [9] ;  and N i  is the  observed frequency i n  the  i t h  class and 

Le t  P i ( a , p )  be the  p r o b a b i l i t y  f o r  i (i = 0, 

n 

N =I Ni. 

i= 1 
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I f  P i ( a ,p )  is l i n e a r  i n  a and p ,  t h e  estimates can e a s i l y  be found; 
otherwise,  we can l i n e a r i z e  them a t  a proper ly  chosen po in t  (E,F)  and 
use the  l i n e a r i z e d  P i ( a , p ) ' s  i n s t ead  of t h e  o r i g i n a l  P i ( a , p ) ' s  t o  f i n d  
the  es t imates .  The es t imates  obtained i n  t h i s  f a sh ion  a r e  a l s o  BAN, i f  
t he  po in t  es t imates  (6,;) a r e  c o n s i s t e n t .  The s o l u t i o n s  (6,;) t o  t h e  
equat ions 

provides c o n s i s t e n t  es t imates .  
p r o b a b i l i t i e s ,  we have 

Le t t ing  P i ( a , p )  be the  new l i n e a r i z e d  

(11) 

as t h e  gene ra l  equat ion.  I n  p a r t i c u l a r ,  w e  have 

Pb(a,p)  = 1 - a( l  - GT) + (p - p) 6 Tq (T- 1) 

h- 1 

+ 1 
m= 1 

[ i;i -*(T- ih+h-m) (13) (i- 1) (T- ih+h-m) 

where 

0 < i < n, Q ( i )  = 
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QS(i,m) = 

n- 1 
r-7 

i=o 

Replacing Pi(a,p) by P;(a,p) i n  (9 ) ,  w e  o b t a i n  a modified form 
of x2 

which i s  minimized t o  g i v e  the  MCS es t imates  o? and p*. 

IV. DATA SAMPLE 

According t o  s tandard  United S t a t e s  weather observing procedure,  
a thunderstorm is repor ted  whenever thunder i s  heard a t  t h e  s t a t i o n .  
It is repor ted  along wi th  o the r  atmospheric phenomena on t h e  s tandard  
weather observer ' s  form WBAN-10 when thunder is heard and ends 15 min- 
u tes  a f t e r  thunder i s  las t  heard.  Notice t h a t  t h e  s tandard  d e f i n i t i o n  
of a thunderstorm may inc lude  mu1 t i p l e  occurrences of thunderstorms. 
For t h i s  reason,  w e  have chosen t o  use t h e  t e r m  "thunderstorm event" as 
a more appropr i a t e  d e f i n i t i o n  f o r  our s ta t i s t ica l  ana lys i s .  

The type of s t a t i s t i ca l  a n a l y s i s  presented is use fu l  p r imar i ly  f o r  
t he  planning of missions r a t h e r  than f o r  a p p l i c a t i o n  t o  opera t ions .  
S t a t i s t i c s  may be use fu l  up t o  a few days before  a mission. 
a t  t h i s  time t h e  weather f o r e c a s t e r ' s  p red ic t ions  should be more 
accu ra t e ,  and the  t r a n s i t i o n  is made from s t a t i s t i c a l  in fe rence  t o  
weather f o r e c a s t i n g  dependent upon the  synopt ic  s i t u a t i o n  p reva i l i ng  
a few days be fo re  the  mission. 

HOwever, 

The d a t a  s a m p l e  used w a s  produced by ESSA, Nat ional  Weather Records 
Center ,  Ashevi l le ,  North Caro l ina ,  under government o rde r  number H-76789 
f o r  t he  T e r r e s t r i a l  Environment Branch, Aerospace Environment Divis ion,  
and is  t h e  l a t e s t  and most comprehensive thunderstorm d a t a  a v a i l a b l e  f o r  
Cape Kennedy, F lor ida .  The per iod of record is January 1957 through 
December 1967. 
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Table 1 summarizes observed f requencies  of days t h a t  experienced x 
thunderstorm events f o r  a l l  months, and f o r  t h e  sp r ing ,  summer, and f a l l  
seasons a t  Cape Kennedy. 
rence of days tha t ’exper ienced  a t  least  one thunderstorm event  a t  Cape 
Kennedy f o r  t h e  same re fe rence  per iods.  

Table l a  g ives  the  r e l a t i v e  frequency of occur- 

Jan. Feb. March A p r i l  May June J u l y  Aug.  Sept.  Oct. N ~ ~ .  D ~ ~ .  spring 
.018 ,048 .097 .094 .220 .433 .481 .457 .309 .088 .027 .021 . I37  

Table 1. Frequencies of t h e  Observed Number of Days that  Experienced x 
Thunderstorm Events a t  Cape Kennedy, F lo r ida  f o r  t h e  11-year 
Period of Record January 1957 through December 1969. 

sumer ~ ~ 1 1  

-458 .141 

Table la.  Re la t ive  Frequency of Days t h a t  Experienced a t  Least One 
Thunderstorm Event a t  Cape Kennedy, F lo r ida .  

Those occurrences which were c l a s s i f i e d  as thunderstorm h i t s  (TH’s) 
from t h e  d a t a  sample were of t h e  following types.  

1. A thunderstorm w a s  a c t u a l l y  repor ted  overhead. 

2.  A thunderstorm w a s  f i r s t  repor ted  i n  a s e c t o r  and las t  
repor ted  i n  t h e  oppos i te  s e c t o r .  This is assuming thunder- 
storms move i n  a s t r a i g h t  l i n e  (over s m a l l  areas, a t  least). 
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Only the  summer months of June,  J u l y  and August were s e l e c t e d  f o r  
TH examination s i n c e  t h e r e  were no t  enough TH data i n  the  s a m p l e  dur ing  
t h e  remainder of t h e  year .  

3 

4 o r  more 

The per iod is 24 hours and T i s  taken t o  be 48 u n i t s .  The va lue  
of h is taken as 2 which means t h a t ,  g iven a TH occurr ing ,  another  
cannot occur f o r  30 minutes.  

3 3 2 8 

2 3 2 7 

- .  

Table 2. Frequencies of the  Observed Number of Days t h a t  Experience x 
TH's a t  Cape Kennedy, F lo r ida  f o r  t h e  11-Year Period of Record 
January 1957 through December 1967. 

I 27 24 30 

1 2  1 5  6 7 1 

I I TOTAL I 330 341 341 1012 

I I L 

Table 2a. Relative Frequency of Days t h a t  Experienced a t  Least One TH 
a t  Cape Kennedy, F lor ida .  

.112 . l o 6  .121 .113 

V. ANALYSIS 

Theore t i ca l  summaries of t h e  months and seasons t h a t  experience 
s i g n i f i c a n t  thunderstorm events  a t  Cape Kennedy are g iven  i n  Tables 3 
through 13. I n  a l l  cases ,  t h e  sample va r i ance  w a s  s i g n i f i c a n t l y  g r e a t e r  

10 



than  t h e  s a m p l e  mean, i n d i c a t i n g  t h e  nega t ive  binomial d i s t r i b u t i o n  as 
t h e  a p p r o p r i a t e  model. 

Notat ions used i n  t a b l e s  3 through 13 a r e  as follows: 

X = t h e  number of thunderstorm events  per day 

= observed number of days during the  11-year period of 
record t h a t  experienced x thunders torm events fO 

r . f .  = t h e  re la t ive frequency of occurrence of x thunder- 
s torm events  

= t he  observed d i s t r i b u t i o n  func t ion  

= the  expected frequencies  using t h e  nega t ive  binomial 

FO 

f e  
d i s  t r  i b u t i o n  

F(x) = t he  nega t ive  binomial d i s t r i b u t i o n  func t ion  

- 
X = t h e  sample mean 

s2 = the  sample va r i ance  

k*,p* = parameter es t imators  of t h e  nega t ive  binomial d i s t r i b u -  
t i o n  

n = s a m p l e  s i z e .  

Condi t ional  p r o b a b i l i t i e s  a r e  a l s o  included i n  t h e  t ab le s .  

Consider t h e  month of June (Table 6) as a n  example. There were 
40 days ou t  of 330 days (11 years  of Junes)  t h a t  had exac t ly  two 
thunderstorm events .  This g ives  a r e l a t i v e  frequency ( p r o b a b i l i t y )  of 
occurrence of 0.121 of having exac t ly  two thunderstorm events dur ing  
any day i n  June. 
p r o b a b i l i t y  of 0.921 of having two o r  l e s s  thunderstorm events  during 
any day i n  June,  or a p r o b a b i l i t y  of (1 - 0.921 = 0.079) of having more 
than two thunderstorm events during any day i n  June. The negat ive  
binomial d i s t r i b u t i o n  p r e d i c t s  36.9 days i n  June t h a t  w i l l  experience 
exac t ly  two thunderstorm events and the  p r o b a b i l i t y  (F(x))  is 0.928 of 
having two o r  l e s s  thunderstorm events  dur ing  any day i n  June,  o r  a 
p r o b a b i l i t y  of (1 - 0.928 = 0.072) of having more than two thunderstorm 
events  dur ing  any day i n  June. 
observa t ion  is very  good. 

The observed d i s t r i b u t i o n  func t ion  (F,) g ives  a 

The agreement between theory and 
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The cond i t iona l  p r o b a b i l i t i e s  are  computed from the  t h e o r e t i c a l  f r e -  
quencies (f,) by using a double summation technique. 

The fol lowing t a b u l a t i o n  i s  a n  example of t h i s  technique using t h e  
month of June ( see  Table 6 ) ,  

L L L  

D 181.5 

I 87.7 148.0 244.2 

2 36.9 60.3 96.2 

3 14.7 23.4 35.9 

8.7 12.5 4 5.7 

3.0 3.8 5 2.2 

6 .8 .8 .8 

~~ 

CONDITIONAL PROBABILITIES 
R 

1 2 

244 2 -= 
244.2 

96 2 96 2 -=.394 a= 
m= 

12.5 .051 A l 2  = .130 -= 
244.2 

- = 
244.2 

.008 .8 244.2 .003 -= 

35 J4.7 A= 35 .373 
96.2 

96.2 

96.2 

96.2 

3.8 J j 1 6  -= 3'8 .040 

-= 

i 
3 

35.9 -1 

12.5= *34g 

35.9 

35.9 

3 * 8  .lo6 35.9 

.022 .8 
35.9 

-= 

-= 

4 

12 5 
12.5 

3 '8  -.304 12.5 

A= .064 
12.5 

A= 

-- 

5 

3.8 
3.8 
-= 

Each element i n  t h e  second summation (CC) is divided by t h e  appro- 
p r i a t e  top element i n  each column as indica ted  i n  order  t o  o b t a i n  the  
cond i t iona l  p r o b a b i l i t i e s ;  i .e. ,  i n  each column under cond i t iona l  prob- 
a b i l i t i e s ,  g iven  i thunderstorm events  (i = 1, 2 ,  3 ,  ...), t he  probabi l -  
i t y  of having j a d d i t i o n a l  thunderstorm events  ( j  = 0, 1, 2 ,  ...) is  given 
by 

i + . j ) t h  element P ( i  + j I i) = ( (i) t h  element 

(Equation (16) r e f e r s  t o  the  above t a b u l a t i o n  only.)  
i = 2; g iven  two thunderstorm events on any day i n  June ,  what is t h e  
p r o b a b i l i t y  of having two a d d i t i o n a l  thunderstorm events ( j  = 2 )  on t h a t  
day i n  June? From (16),  

For example, f o r  

4 t h  element 1 2  5 0.130. =A= 
96.2 p(4 I 2, = 2nd element 
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Also, g iven  fou r  thunderstorm events  on any day i n  June (i = 4 ) ,  t he  
p r o b a b i l i t y  of having one a d d i t i o n a l  thunderstorm event  ( j  = 1) on t h a t  
same day i n  June is  0.304. 

f e F(x) x f  

0 299 .906 .906 295.9 .897 

1 18 .055 .961 25.3 .973 

2 10 .030 .991 6 .1  .992 

3 3 .009 1.000 1.8 .997 

FO 
r . f .  

0 

Table 3.  March-Negative Binomial D i s t r i b u t i o n  f o r  Thunderstorm Events a t  
Cape Kennedy, F lor ida .  

Condi t ional  P r o b a b i l i t y  
i 

1 2 3 

1 

.226 1 

.042 .186 1 

f o  r . f .  FO f e F (XI 

0 308 .902 .902 305.4 .896 

1 20 .059 .961 25.5 .970 

2 9 .026 .987 6.7 .990 

3 3 ,009 .996 2.2 .996 

4 1 ,003 1.000 .8 .999 

zondi t iona l  P r o b a b i l i t y  

i 

1 2 3 4 

1 

,277 1 

.078 .281 1 

2 = 0.150 s2 = 0.268 kJC = 0.189 p* = 0.558 n = 341 

Table 4. Apri l -Negat ive Binomial D i s t r i b u t i o n  f o r  Thunderstorm Events a t  
Cape Kennedy, F lor ida .  

.I. 2 = 0.142 s2 = 0.237 k" = 0.214 p" = 0.600 n = 330 
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Table 5. May-Negative Binomial D i s t r i b u t i o n  f o r  Thunderstorm Events 
a t  Cape Kennedy, F l o r i d a  

2 25 .073 .979 16.6 -972 

3 3 .009 .988 5.9 .989 

4 3 .009 * 997 2 .2  .996 

5 0 -000 .997 . 9  .998 

0 

0 266 .779 ,780 262.6 .770 

1 43 .126 

-339 1 

.120 .354 1 

.041 . 1 2 2  .345 1 

.013 .037 . l o 6  .306 1 

x f  0 r . f .  FO f e F (XI 

0 157 .567 .567 181.5 .550 

1 77 .233 .800 87.7 .816 

2 40 . 1 2 1  , 9 2 1  36.9 .928 

3 1 7  .052 .973 14.7 .972 

4 6 .018 .991  5.7 .989 

5 2 .006 .997 2 .2  ,996 

6 1 .003 1.000 .8 .999 

x = 0.352 s 2  = 0.621 k'" = 0.460 pJc = 0.567 n = 341 

1 

Condit ional  P r o b a b i l i t y  
1 

1 2 3 4 5 6 

1 

.394 1 

.147 .373 1 

.051 .130 .348 1 

.016 .040 . l o6  .304 1 

.003 .008 .022 ,064 . 2 1 1  1 
1 

Table 6. June-Negative Binomial D i s t r i b u t i o n  f o r  Thunderstorm Events 
a t  Cape Kennedy, F l o r i d a  
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Table 7. July-Negative Binomial D i s t r i b u t i o n  f o r  Thunderstorm Events 
a t  C a p e  Kennedy, F lo r ida .  

2 47 .138 .891 45.4 .912 

3 26 .076 .967 18.6 .967 

4 9 .026 ,993 7.2 .988 

5 2 .006 1.000 2.7 .996 

Condi t iona l  Probabi l  i t y  
FO f e  F ( X I  i 

X f r . f .  
0 

.399 1 

.143 .357 1 

.044 .110 .307 1 

.009 .023 .066 .214 1 

0 177 .519 .519 166.2 .487 1 2 3 4 5 

1 80 2 3 4  .753 99.4 .779 

F (X) e f f r . f .  FO 
X 

0 

0 185 .542 .542 180.2 .528 

1 89 .261 .803 92.2 .799 

2 30 -088 .891 40.5 .918 

3 24 .070 .961 16.9 .967 

4 10 .029 .990 6.8 .987 

5 3 .009 1.000 2.7 .995 

Condi t iona l  P r o b a b i l i t y  
i 

1 2 3 4 5 

1 

.399 1 

.146 .366. 1 

.046 .116 .316 1 

-010 ,026 .070 .221 1 

= 0.874 s2 = 1.277 k’k = 1.893 pfc = 0.684 n = 341 

Table 8. Augus t-Negative Binomial D i s t r i b u t i o n  f o r  Thunderstorm Events 
a t  Cape Kennedy, F lo r ida .  
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Table 9. September-Negative Binomial D i s t r i b u t i o n  f o r  Thunderstorm 
Events a t  Cape Kennedy, F lor ida .  

3 12  .036 .991 8.5 .987 

4 3 .009 1.000 .2.9 .995 

Ix fo r . f .  FO fe  F(x) 

,089 .283 1 

.018 .057 .203 1 
i 

Condi t iona l  P r o b a b i l i t y  

Condi t iona l  P robab i l i t y  
1 F (XI  e 

x f  

0 311 .911 .911 307.7 .902 1 2 3 

1 1 7  .050 .961 24.2 .973 1 
2 9 .026 .987 6.1 .991 .235 1 
3 4 .012 1.000 1.9 .997 .045 .192 1 

f 
0 

r . f .  F 
0 

Table 11. Spring (March, A p r i l ,  May)-Negative Binomial D i s t r i b u t i o n  
f o r  Thunderstorm Events a t  Cape Kennedy, F lo r ida .  

81 .080 .943 103.7 .956 

9 .009 .995 

4 .004 .999 

0 ,000 .999 

= 0.215 s2  = 0.386 k" = 0.271 p* = 0.557 n = 1012 
16  



Table 12.  Summer (June, J u l y ,  August)-Negative Binomial D i s t r i b u t i o n  
f o r  Thunderstorm Events a t  Cape Kennedy, F lor ida .  

x f  0 r . f .  FO f e F (x) 

0 860 .859 .859 845.2 .844 

1 77 .077 .936 109.5 .954 

2 45 .045 ,981 30.6 -984  

3 16  .016 .997 10.1 .994 

4 3 .003 1.000 3 .6  .998 

0 549 .542 .542 527.8 .522 

3 67 .066 .967 

5 7 .007 .999 

6 1 .001 1.000 

Condit ional  P r o b a b i l i t y  
1 

1 2 3 4 

1 

.286 1 

.080 .281 1 

,017 .058 .208 1 

~~~ ~ 

2 = 0.812 s 2  = 1.245 k’; = 1.523 p” = 0.652 n = 1012 

Table 13.  F a l l  (September, October,  November)-Negative Binomial 
D i s t r i b u t i o n  f o r  Thunderstorm Events a t  Cape Kennedy, 
F lo r  i d s .  

= ‘3.227 s2 = 0.397 kJC = 0.302 p* = 0.571 n = 1001 
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Using t h e  modified negat ive  binomial d i s t r i b u t i o n  as a model f o r  
TH a c t i v i t y ,  we s e e  from Table  14 t h a t  t h e  model f i t s  p a r t i c u l a r l y  
we l l  i n  t h e  0, 1, and 2 classes and n o t  so w e l l  i n  t h e  3 and 4 classes. 
The no tab le  except ion is t h e  August da t a .  

JUNE 

X f o  r .f .  Fo f e  F ( x )  

0 293 -888 .888 295.18 .894 

27 .082 .970 26.21 .973 1 

2 5 . o i5  .9a5 6.54 .993 

3 3 .009 ,994 1.02 ,996 

4 o r  2 .006 1.000 1.05 .999 
mor e 

$=.25467, p* = .01108, n = 330 

Notat ions used i n  t a b l e  14 a r e  as follows: 

J U L Y  

x fo r.f. FO f e F(x) 

0 305 .894 ,894 306.99 .900 

1 24 .070 .964 23.05 .968. 

2 6 .018 .982 7.97 .991 

3 3 .009 .991 1 .71  .996 

4 o r  3 .0o9 1.000 1.28 1.000 
mor e 

a*=.19135, p* = .01523, n = 341 

i 

X = t h e  number of TH's p e r  day 

= t h e  observed number of days during t h e  11-year 

- 

period of record that experienced x THIS 
f 0  

r . f .  = t he  re la t ive  frequency of occurrence of x THIS 

= t h e  observed d i s t r i b u t i o n  func t ion  FO 

f e = the  expected f requencies  using t h e  modified 
nega t ive  binomial d i s t r i b u t i o n  

F ( x )  

a*,p* = parameter es t imators  of t he  modified nega t ive  binomial 

= t h e  modified nega t ive  binomial d i s t r i b u t i o n  func t ion  

d i s  tr i b u t  ion  

n = sample s i z e .  
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Table 14 (Continued) 

AUGUST 

K f o  r.f. FO f e F ( X I  

0 300 .879 .879 300.55 .881 

1 30 .088 .967 29.66 .968 

2 7 .021 .988 8.12 .992 

3 2 .006 ,994 1.38 .996 

4 o r  2 .006 1.000 1.29 1.000 
mor e 

$=.26740, p* = .01214, n = 341 

SUMMER 

898 ,887 .887 902.38 .892 0 

81  .080 .967 7 9 - 0 0  .970 

18 .018 .985 22.88 -993 

1 

2 

8 .008 .993 4.12 -997 3 

4 o r  7 .007 1.000 3.61 1.000 
mor e 

a* = .23461, p* = .01282, n = 1012 

V I .  CONCLUSIONS 

There a r e  many advantages i n  t h e  use of a t h e o r e t i c a l  s t a t i s t i c a l  
model f o r  p red ic t ing  v a r i a b l e s  such as thunderstorm events o r  thunder- 
s torm h i t s  a t  Cape Kennedy. Once s u f f i c i e n t  r e p r e s e n t a t i v e  samples have 
been c o l l e c t e d  and analyzed and t h e  v a l i d i t y  of t h e  theory is e s t a b l i s h e d ,  
t h e  t h e o r e t i c a l  model becomes "determinis  t ic" and may be a p p l i e d  uni-  
v e r s a l l y  t o  t h e  v a r i a b l e  under cons ide ra t ion .  Another advantage of theory 
over empir ica l  s ta t is t ics  is the  use of the  accep tab le  t h e o r e t i c a l  func- 
t i o n  f o r  making p r o b a b i l i t y  in ferences  concerning values  of t he  v a r i a b l e  
o u t s i d e  of t h e  range of observat ion.  It is o f t e n  des i r ed  t o  make p r e -  
d i c t i o n s  r e l a t i n g  t o  these  "never observed" values  , and t h e  t h e o r e t i c a l  
approach p e r m i t s  one t o  do so. 
t h e o r e t i c a l  func t ion  can exp la in  a l l  observa t ions  f o r  which it is t h e  
proposed model. Some areas of non-agreement must occur between theory 
and observat ion.  These areas should be considered as expected dev ia t ions  
of t h e  observa t ions  from t h e  " f i t t e d "  t h e o r e t i c a l  curve.  

It should be  pointed ou t  t h a t  no 

The phys ica l  p r o p e r t i e s  necessary f o r  t h e  a p p l i c a t i o n  of t h e  nega- 
t i v e  binomial d i s t r i b u t i o n  have been shown t o  be p re sen t  i n  our experi-  
ment concerning the  number of thunderstorm events a t  C a p e  Kennedy. 
a l l  t h e  samples  considered,  t h e  sample va r i ance  exceeded t h e  s a m p l e  
mean, i n d i c a t i n g  the  nega t ive  binomial as an  a p p r o p r i a t e  model. Our 
comparison w i t h  Yule's [ 3 ]  classic a p p l i c a t i o n  of t h e  nega t ive  binomial 

I n  
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s u b s t a n t i a t e s  i t s  v a l i d i t y  t o  r ep resen t  t h e  number of thunderstorm 
events  a t  Cape Kennedy. Both t h e  nega t ive  binomial and Poisson 
d i s t r i b u t i o n s  were t r i e d  as p rospec t ive  models f o r  thunderstorm 
events a t  Cape Kennedy. 
i n  a l l  cases than  t h e  Poisson d i s t r i b u t i o n .  

The nega t ive  binomial gave a "be t te r"  f i t  

The mod i f i ca t ion  of t he  nega t ive  binomial d i s t r i b u t i o n  presented 
he re  has been shown t o  be  a n  adequate  model t o  r e p r e s e n t  t h e  v a r i a t i o n  
i n  the  number of thunderstorm h i t s  p e r  day a t  a launch s i t e .  Compari-  
sons were a l s o  made using the  same modif ica t ion  on the  binomial and 
Poisson d i s t r i b u t i o n s  as w a s  used he re  on t h e  nega t ive  binomial d i s -  
t r i b u t i o n .  
f i t  i n  a l l  cases. 

The modified nega t ive  binomial d i s t r i b u t i o n  gave a "be t te r"  

The X2 "goodness of f i t "  t es t  w a s  appl ied  t o  a l l  cases where data 
were s u f f i c i e n t l y  l a r g e  t o  admit i t s  use. For both  the  nega t ive  
binomial and t h e  modified nega t ive  binomial d i s t r i b u t i o n s ,  t h e  com- 
puted X z  values  were a minimum r e l a t i v e  t o  those of  t h e  o t h e r  d i s -  
t r i b u t i o n s  mentioned above. 

Using s ta t is t ical  methods, i t  has been demonstrated t h a t  t h e  
nega t ive  binomial and t h e  modified nega t ive  binomial d i s t r i b u t i o n s  
are  adequate  t o  r ep resen t  t h e  v a r i a t i o n  i n  thunderstorm events  and 
thunderstorm h i t s  a t  Cape Kennedy, F lo r ida .  
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APPROVAL NASA TM X-53867 

PROBABILITY DISTRIBUTIONS FOR THUNDERSTORM ACTIVITY 

AT CAPE KENNEDY, FLORIDA 

by 

Lee W. F a l l s ,  W i l l i a m  0. Wi l l i fo rd  and Michael C. Ca r t e r  
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